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Introduction
The development of wireless sensor networks and the reduction of their power requirements has significantly driven research activities related to vibration piezoelectric energy harvesting technologies, which possess high energy conversion efficiencies from mechanical vibrations to electrical power, all within the use of simple designs [1] . In 1996, Williams and Yates first introduced the concept of vibration energy harvesting [2] . Wang et al (1999) then presented the constitutive equations of symmetrical triple layer piezoelectric benders, and introduced different types of piezoelectric benders, like unimorphs and bimorphs with series or parallel connection [3] . Erturk and Inman have established the fundamental electromechanical model of a piezoelectric cantilever beam, with their 2008 papers related to a single-degree-of-freedom (SDOF) harvester beam with one PZT layer [4] [5] . The same Authors then investigated the analytical model of bimorph cantilever configurations with series and parallel connections of PZT layers [6] . Micro-fibre composites (MFC) can also be used in vibration energy harvesters. Song et al developed the theoretical model for energy harvesting devices with two types of MFC materials, and the influence of the beam thickness, natural frequency and electrical resistance were also experimental investigated [7] . Nonlinear PEHs have been additionally designed and developed in recent years to expand the operational frequency bandwidth. Erturk et al [8, 9] have presented a nonlinear broadband piezoelectric power generator with two magnets near the free end of the cantilever beam and with two piezoelectric layers on the surface. The piezo-magnetoelastic configuration proposed could generate a power one order of magnitude larger than the one provided by a linear PEH at several frequencies. The performance of a nonlinear magnetopiezoelastic energy harvester driven by random excitations was described by Litak et al [10] and Ali et al [11] .
Their work shows that that it is possible to optimally design the system by using analytical techniques, such that the mean harvested power is maximized for a given strength of the input broadband random ambient excitation. Ferrari et al utilized two layers of PZT films to fabricate a piezoelectric bimorph, and the resulting nonlinear converter proposed implements nonlinearity and bistability by using a single external magnet [12] . Friswell et al have also designed a new type of highly nonlinear piezoelectric cantilever beam, exhibiting two potential wells with large tip masses, when the beam is buckled [13] . Other nonlinear PEHs with magnets can be found in references [14] [15] [16] , and in the review article [17] . Betts et al presents an arrangement of bistable composite plates with bonded piezoelectric patches to perform broadband vibration-based energy harvesting from ambient mechanical vibrations [18] . Arrieta et al have designed a cantilevered piezoelectric bi-stable composite concept for broadband energy harvesting with two piezoelectric layers attached on the surface of bistable composites [19] . Pan et al used bistable hybrid symmetric laminates to make a broadband piezoelectric energy harvester, and have discussed the influence of the lay-up design on the performance of the bistable PEH [20, 21] . Qi et al have designed a multi-resonant beam with piezoelectric fibre composites (PFC) to produce a broadband PEH [22] . A double cantilever energy harvester was evaluated via a distributed parameter modelling and experimental tests by Rafique et al [23] . Adhikari et al have used a stack configuration piezoelectric energy harvester, and geerated power from broadband vibration [24] . Paknejad et al have presented a distributed parameter electroelastic model for various multilayer composite beams and discussed the influence of the composites layups [25] . Akbar et al have studied the dynamic response of piezoelectric energy harvesters embedded in a wingbox structure [26] .
Some new piezoelectric energy harvester configurations have also been presented to improve the efficiency during vibration, such as the L-shape [27] , the V-shape [28] and the compressive-mode energy PEHs [29] .
From the above literature review it is possible to observe that both linear and nonlinear PEHs are in general designed using a symmetrical triple layer structure (i.e., one mid-structure with two piezo-layers on the surfaces). This baseline configuration has been modified by using different beam/plate lengths or shapes (tapering), however the fundamental layout remains the same. In this study we propose a PEH structure with a more complex through-the-thickness topology. The electromechanical model of the composite multi-layer piezoelectric energy harvester (MPEH) is here established based on the use of the Euler-Bernoulli beam theory. The fundamental natural frequency and the power output of the MPEH beam are then extracted, and the performance of the MPEH is discussed based on simulations and experimental data. A parametric analysis of the voltage density and resonant frequencies is also performed versus different stacking sequences of the MPEHs and PEHs leading to different specific flexural stiffness (i.e., normalized by the mass of the beams). From the simulations, experimental data and the parametric analysis we will demonstrate that the MPEHs can generate significantly more power than the PEHs configurations, in particular for small specific flexural stiffness configurations. The variations of the natural frequencies in MPEHs and PEHs with similar specific flexural stiffness are less pronounced, with the PEHs having larger fundamental natural frequencies compared to the MPEHs cases. laminate. The thickness of the PZT layer is , and is the total thickness of the beam except for the external layers PZT. In the design, the polarization direction for all the PZT layers is the same, which means that each pair of PZT layers are connected in parallel. The carbon fibre laminates are here used as conducting layers, and the glass fibre laminates constitute the insulating layers.
Analytical electro-mechanical model

Basic equations and fundamental natural frequency
The thickness is relatively small than the length of the composite beam, so the general governing equation of motion of an Euler-Bernoulli beam with embedded piezoelectric layers can be written as [6] ,
, 
is the bending moment of the beam; is the beam transverse deflection relative to its base, and is the base excitation motion on the beam along the z-direction. The tip mass at is . The bending moment can be related to the internal stresses of the layers in the following manner:
(2)
In (2), , , correspond to the normal stress of carbon and glass fibre laminates, and of the piezoelectric layers along the x-axis, respectively. For the k th layer of the elastic composite laminate, the bending stress is defined:
The k th layer stiffness can be defined by using the traditional classical laminate theory [30] :
where is the Young's modulus along the fibre direction, is the Young's modulus along the transverse direction, and is the shear modulus. The Poisson's ratios are and , and is the fibre orientation.
The stress in the PZT layer can be expressed by the constitutive equations for a ( )
In (5) is the elastic modulus of piezoelectric layer, is the axial strain components, is the piezoelectric constant and is the electric field across the thickness of the beam. 
where is the flexural rigidity of the piezoelectric elastic composites. The
Heaviside function limits the location of the piezoelectric layer along the xdirection on the host structure. The flexural rigidity can be described by:
For a parallel connection the polarization direction is the same, therefore the coefficient has the same sign for the top and bottom layers. The directions of and are expressed in figure 2, with black and red arrows separately.
The piezoelectric coupling term can be derived from Eq. (2), which is a function of time only. The internal moment in PZT layer is:
Substituting Eq. (6) into (1), the governing equation of the system can be obtained as:
According to the linear piezoelectric materials constitutive equations, another essential governing equation is necessary to determine the unknown variables of and as:
In (10), is the electrical displacement and is the permittivity component at constant strain with the plane-stress assumption ( ).
The electric current can be obtained by applying Guess' law [31] . Since the resistance across the inner and outer PZT layers is , the total current can be expressed as:
where is the unit outward normal, and the integration is performed over the electrode area. 
Since , by combining Eqs. (10) and (11) one obtains: (12) where is the distance between the centre of the PZT layers and the neutral axis.
We can then solve Eqs. (9) and (12) by assuming the beam deflection with the modal expansion:
where is the mass normalized eigenfunction of the r th vibration mode and is the modal participation factor. The mode can be obtained by solving by undamped free vibration problem with clamped-free boundary conditions:
where is an amplitude constant and is the eigenvalue, which can be obtained from solving the characteristic equation with the BCs:
The eigenvalues can be calculated from the classical transcendental equation:
The r th natural frequency can be therefore expressed as follows:
Eq. (16) can then be rewritten as follows:
The main vibration mode function can be therefore expressed as .
According to Ref. [6] , .
The constant can be evaluated by applying the orthogonality conditions:
When :
, .
In the case : , .
Output voltage and relative displacement
The equation of motion of the multi-layer PEH in modal coordinates can be obtained by substituting Eq. (13) into Eq. (9): (20) In (20) , the model electromechanical coupling term is:
The model damping ratio is . The model force can be expressed as: (22) According to Kirchhoff laws, the relationship between the voltage and the current can be obtained as:
If the PZT layers have all the same resistance, then Eq. (23) can be expressed as (24) where:
The model coupling term is then:
The base excitation is assumed as a harmonic vibration around the z-direction:
The model force can be given by Eqs. (26) and (22):
For the harmonic vibration case, the voltage and the model mechanical response 
where the temporal term amplitude and are calculated by substituting Eqs. (27) and (28) into Eqs. (20) and (24).
From Eq. (29), one can obtain and , and then substitute in Eq. (28) to express the voltage output of the system:
An important point to be drawn from observing Eq. (30) is that the effect of the embedded additional PZT layers does not consist only in add another PEH with a parallel connection; the voltage output of the inner and outer part of the beam has also a coupling influence.
The steady state mechanical response of the multi-layer PEH can be given as follows:
The displacement at point x is therefore: Furthermore, the total power output provided by the multi-layer PEH is:
(33) In that case, the flexural rigidity of the piezoelectric elastic composites of Eq. (7) can be expressed as:
MPEH with 4 PZT layers
The internal bending moment ex in the PZT layer can be obtained from Eq. (8): 
In (35), is the internal moment induced by the elastic part of the PZT layer, is the piezoelectric coupling term of two inner PZTs and is the piezoelectric coupling term of two outer PZT layers. The output voltage of the inner and outer PZT layers are and .
Experimental setup
The hybrid MPEH fabricated consists of carbon fibre laminates (SE70 CFRP, Gurit Ltd), glass fibre composites (SE70 E-Glass, Gurit, Ltd) and PZT (Sinoceramics Inc., Shanghai, China) layers. The low curing temperature of the prepreg (70 o C) is significantly lower than the Curie one of the PZT. The properties of prepregs are listed The FEA eigensolver is a Lanczos one.
Results and discussions
Fundamental frequency of the MPEH
The results of the natural frequency associated to the first mode are shown in Table 2 .
The experimental result is 91.9Hz, with an average modal damping ratio calculated from three FRFs as . The theoretical model provides a 92.6Hz natural frequency. The finite element analysis result (91.07Hz) is also close to the experimental test data.
Simulation results of voltage response
The simulation results of MPEH with different resistance loads are shown in figure 5 .
The maximum voltage FRF value is close near the natural frequency, with the voltage getting larger with the increase of resistance R. In this case the load resistances are increased from to , and the peak values of the first mode are listed in Table 3 . The voltage FRF amplitude at is 1.003V/g, while at the voltage FRF increases to 7.7V/g. The corresponding frequency of the peak value shifts with different load resistances. For small Rs ( ), the resonance frequency is 89.9Hz, which increases slowly to 90.9Hz at R= . After that point the resonance frequency visibly increases to 93.3Hz at R= , then the increase is less
10KW significant (94.9Hz at ). The same type of behavior is also observed by Rafique et al in the case of bimorph cantilever energy harvesters [23] .
We have made a comparison between the proposed MPEH design and a traditional PEH with only two PZT layers on the external surfaces. Firstly, both the MPEH and the PEH have the same length, width, thickness, tip mass and materials.
The layup of PEH is the following: We can find that the flexural stiffness of the MPEH and the PEH are almost the same, the error is only 0.9%. Figure 6 shows the comparison of the voltage FRFs between the MPEH and the PEH with two different load resistances. One can observe that the resonant frequencies of the PEH are higher than the ones of the MPEH. The MPEH amplitude of the voltage response is however significantly improved compared to the PEH case (Table 3 ). For a resistance of , the voltage FRF of the MPEH reaches 3.52V/g at
We also consider the case in which the thickness of the PZT layers used in the PEH is increased to 0.4mm, which means that the total volume of the PZTs for the PEH and the MPEH is the same. In that case, if all the PZT layers are located on the external surfaces of the composites beam, the flexural stiffness term will become larger than the one of the MPEH configuration. The resonance frequency of the PEH would be significantly higher than the MPEH one, and the power generated by the PEH would be smaller than the MPEH case ( figure 7) . The MPEH and the PEH with 0.4mm thickness PZTs are calculated without tip mass. / / e N m Kg -the two configurations show a very similar sensitivity trend versus the specific flexural stiffness. For a given resistance, the MPEH can generate more voltage than the PEH configuration. At the MPEH can produce a 2.5 times higher voltage FRF peak than the PEH, and at resistance the MPEH can generate again about 1.98 times more voltage than the PEH system. Figure 11 also shows that the theoretical model can reproduce the response of the MPEH system in a very adequate fashion.
Experimental validation
The output power FRFs of the MPEH is shown in figure 12 . The maximum power for a given load resistance occurs at the same resonance frequencies illustrated in figure 10 . With lower resistances (less than ), the maximum amplitude has peak at (2.66mW/g), after which the power decreases with the increase of the resistance (1.62mW/g at ). For increasing loads ( or ), the power response shows a gradual increase to 2.18mW/g.
Conclusions
In this paper, a new design of piezoelectric 
